One of the most dominant candidates for the paired quantum Hall (QH) state at filling factor ν = 5/2 is the Moore-Read (MR) Pfaffian state. A salient problem, however, is that it does not occur exactly at the Coulomb interaction, but rather at a modified interaction, which favors particle-hole symmetry breaking. In an effort to find a better state, in this work, we investigate the possible connection between the paired QH state and the antisymmetrized bilayer ground state, which is inspired by the intriguing identity that the MR Pfaffian state is entirely equivalent to the antisymmetrized projection of the bilayer QH state called the Halperin (331) state, which is valid at interlayer distance, d, roughly equal to the magnetic length, lB. Specifically, by using exact diagonalization in the torus geometry, we show that the exact 5/2 state at a given Haldane pseudopotential variation is intimately connected with the antisymmetrized bilayer ground state at a corresponding d/lB via one-to-one mapping, which we call the bilayer mapping. One of the most important discoveries in this work is that the paired QH state occurring at the Coulomb interaction is mapped onto the antisymmetrized bilayer ground state at d ≫ lB, which is equivalent to the antisymmetrized product state of two composite fermion seas at quarter filling, not the MR Pfaffian state. While maintaining high overlap with the paired QH state, the antisymmetrized bilayer ground state at d ≫ lB exhibits an abrupt change under the influence of small anisotropy. This suggests that the paired QH state occurring at the Coulomb interaction might be susceptible to anisotropic instability, opening up the possibility of anisotropic px or py-wave pairing instead of px ± ipy-wave pairing in the MR Pfaffian/anti-Pfaffian state.
I. INTRODUCTION
The fractional quantum Hall effect (FQHE) observed in the half-filled second Landau level (SLL) [1] [2] [3] is one of the most fascinating phenomena in condensed matter physics, which has been attracting intense attention since its first discovery more than a quarter century ago. The reason for such intense attention is multifaceted.
First, occurring at filling factor ν = 5/2, it is the only FQHE so far observed at even-denominator fractions. The very fact that all observed fractions for the FQHE, roughly 75 up to date [4] , have odd denominators with a single exception of ν = 5/2 reveals that something peculiar happens in the half-filled SLL without recourse to any detailed microscopic theories.
Second, all of the above odd-denominator FQHE states are well described by a remarkably successful microscopic theory called the composite fermion (CF) theory [5] , which predicts the existence of an emergent quasiparticle called CF and explains the FQHE as the integer quantum Hall effect (IQHE) of composite fermions. Besides explaining the FQHE, the CF theory gives rise to a striking prediction that composite fermions form a Fermi sea state in the half-filled Landau levels under the assumption that composite fermions are weakly interacting [6, 7] . This prediction was proved to be indeed the case in the half-filled lowest Landau level (LLL) [8] [9] [10] . Unfortunately, in the half-filled SLL, this prediction is in direct contradiction with the observation of the FQHE, which requires a gap in the excitation spectrum. One of the natural possibilities to open a gap in the Fermi surface is through pairing between constituent fermions, in the current case, composite fermions. While possible, pairing between composite fermions, which themselves are composite quasiparticles containing an electron and an even number of vortices as a bound state, seems too complicated to occur. The possible emergence of pairing is particularly surprising from the viewpoint that the fundamental interaction between electrons is entirely repulsive and yet there is an attraction between quasiparticles. This is strongly reminiscent of a similar viewpoint in hightemperature superconductivity that pairing can arise from the entirely repulsive interaction in the Hubbard model. Fortunately, in contrast to high-temperature superconductivity, where the above viewpoint still confronts various criticisms, there is a strong consensus in the FQHE community that pairing can really arise from the entirely repulsive Coulomb interaction alone. Indeed, it has been shown that the effective interaction between composite fermions on the surface of the CF Fermi sea can become attractive in the SLL, while not in the LLL [11] .
Third, one of the most dominant candidates describing the paired quantum Hall (QH) state is the Moore-Read (MR) Pfaffian state [12] [13] [14] . If the MR Pfaffian state were the true ground state, the low-energy excitations of the ν = 5/2 state would satisfy non-Abelian braiding statistics. This opens up an exciting possibility of using the ν = 5/2 state as the solidstate quantum computer architecture that is topologically protected from various defects and errors [15] [16] [17] . Fundamentally, non-Abelian statistics originates from the existence of a zero-energy mode inside the vortex excitation, which is known to be nothing but the Majorana fermion [12, 18, 19] . The existence of a zero-energy mode is, in turn, crucially dependent on the fact that the pairing symmetry of the MR Pfaffian state is p x + ip y , which breaks the chiral symmetry. Interestingly, breaking of the chiral symmetry is intimately tied with that of the particle-hole (PH) symmetry since the chiral conjugate of the MR Pfaffian state is also its PH conjugate called the anti-Pfaffian state [20, 21] . In this context, breaking of the PH symmetry holds an important key to the question if non-Abelian statistics can really arise in the half-filled SLL.
Fourth, the MR Pfaffian state does not respect the PH sym-metry since it is the exact ground state of a model three-body interaction [12] . While the Coulomb (or any two-body, for that matter) interaction respects the PH symmetry, the ground state can, in principle, break the PH symmetry spontaneously. Of course, the PH symmetry can be also broken externally in the presence of explicit symmetry breaking process. Arguably, the most important PH-symmetry breaking process is Landau level mixing, whose precise effects have been a topic of much interest throughout recent years [22] [23] [24] [25] [26] . In fact, it is believed that Landau level mixing can induce an asymmetry in energy competition between the MR Pfaffian and antiPfaffian states, which are otherwise equal PH-conjugate partners. A problem is that such an asymmetry in energy competition is quite delicate. According to some of recent theories [22, 23, 27] , the anti-Pfaffian state might be preferred to the MR Pfaffian state. On the contrary, another recent theory argues that the MR Pfaffian might be favored in some range of the Landau level mixing parameter [28] .
To summarize, our current understanding of the ν = 5/2 state is composed of two separate ingredients: (i) a gap opens up in the CF Fermi surface due to pairing between composite fermions, and (ii) the resulting paired ground state is well represented by the MR Pfaffian or anti-Pfaffian state, which requires the PH-symmetry breaking. Let us examine below how firmly each ingredient is validated.
For the first ingredient, we are interested in evidence, whose validity is free from any bias influenced by a priori assumptions about the ground state. Proving the existence of a gap without such bias can be achieved via numerically exact methods such as exact diagonalization (ED) [29, 30] and the density matrix renormalization group (DMRG) method [27, 31] . With help of recent developments in computer hardware and numerical technique, these methods can now access such large-size systems that it is possible to perform a reliable extrapolation of the Coulomb gap to the thermodynamic limit, which was estimated to be about 0.03 in units of e 2 /ǫl B . As a consequence, there is little doubt in that the exact 5/2 state occurring at the Coulomb (or some slightly modified) interaction is gapped.
The existence of a gap itself, however, does not guarantee that it is due to pairing. To check this, by using ED in the spherical geometry, one of the current authors in collaboration with others [32] computed the ground state energy in the halffilled SLL as a function of particle number. The basic idea behind this computation is that, if pairing exists, the ground state energy should oscillates, depending on whether the particle number is even or odd. This is nothing but the even-odd effect, which had been used to infer the existence of pairing inside nuclei [33] . The result obtained from ED in the halffilled SLL was that the ground state energy indeed oscillated in accordance with the existence of pairing. To prove further that the pairing occurs between composite fermions, not between electrons, the same authors constructed and computed the superconducting order parameter for CF pairing in various finite-size systems. Again, the ED results showed that the superconducting order parameter for CF pairing was shown to converge into a well-defined finite value as the system sizes increases, while that for electron pairing did not. This provides strong evidence that pairing really occurs between composite fermions. Now, let us switch gears to the second ingredient. Similar to the first ingredient, we are interested in exact evidence. Such a piece of evidence can be found in the straight overlap between the MR Pfaffian state and the exact ground state in the half-filled SLL, which has been computed in both spherical [34] and torus geometries [35, 36] . Unfortunately, the square of overlap between the two states turns out to be subpar in comparison with that between the CF state and the exact state at odd-denominator fractional filling factors, which is typically more than 99% in the finite-size systems with particle number N ∼ 10. Specifically, in the spherical geometry, the square of overlap between the MR Pfaffian state and the exact ground state in the half-filled SLL is only about 70-80% in the finite-size systems with similar particle numbers [34] . In the torus geometry, the situation gets worse in the sense that the Coulomb point is almost right on top of the phase boundary between an incompressible state, which has a sizable overlap with the MR Pfaffian state, and a stripe state, which does not [35] . In other words, the square of overlap does not even have a well-defined finite value near the Coulomb point, while it can be enhanced by altering the strength of the short-range part of the Coulomb interaction [22, 29, 35] . In summary, the straight overlap results obtained from ED do not seem to support the notion that the MR Pfaffian/anti-Pfaffian states represent the ν = 5/2 state with good accuracy, at least, at the pure Coulomb interaction.
To conduct a more specific test tailor-made to the PHsymmetry issue, one of the present authors in collaboration with others [37] used a peculiar property of the spherical geometry that the MR Pfaffian and anti-Pfaffian states occur in two separate Hilbert spaces with different particle/flux number (N, 2Q) combination. To be concrete, the MR Pfaffian and anti-Pfaffian states occur at 2Q = 2N − 3 and 2N + 1, respectively, while the exact PH symmetric state occurs at the middle flux of 2Q = 2N − 1. The finite-size corrections in flux number are called the "shifts," which take the values of −3, +1, and −1 for the MR Pfaffian, anti-Pfaffian, and the PH symmetric states, respectively. A consequence of these shifts is that any mixing between the MR Pfaffian/anti-Pfaffian states is artificially eliminated in the spherical geometry. Interestingly, this finite-size artifact can be used to test the possibility of spontaneous PH-symmetry breaking. That is to say, if the ground state energy shows a Mexican-hat structure as a function of particle number at a given flux number, it means that the PH symmetry can be broken spontaneously. Unfortunately, the ED results showed that the pure Coulomb interaction did not generate the Mexican-hat structure, while an appropriately-chosen model two-body interaction could. It is interesting to mention that the mixing between the MR Pfaffian and anti-Pfaffian states can be also suppressed in the torus geometry with hexagonal unit cell, although it can happen only for special odd numbers of electrons [23] . To summarize, it is unclear that the PH symmetry is spontaneously broken, at least, at the pure Coulomb or some slightly modified interaction.
As mentioned previously, the PH symmetry can be broken externally, for example, via Landau level mixing. In this work, we do not venture to study the effects of Landau level mixing, but focus on intrinsic properties of the ground state in the halffilled SLL. An alternative to Landau level mixing is to modify the interaction between electrons to make the MR Pfaffian state more relevant. To this end, Storni and collaborators [38] had an ingenious idea of deforming the interaction between electrons in a continuous fashion from the pure Coulomb interaction to the model three-body interaction, which gives rise to the MR Pfaffian state as the exact ground state. If the excitation spectrum remains gapped all the way through, it may be taken as evidence for the conjecture that the MR Pfaffian state is adiabatically connected to the true ground state in the half-filled SLL. Based on this logic, they performed ED in the spherical geometry, which showed exactly the expected result described in the above. Unfortunately, the spherical geometry suffers from the previous mentioned finite-size artifact called the "flux shift" issue that any mixing between the MR Pfaffian and anti-Pfaffian states is completely suppressed. This means that the above result alone cannot establish the adiabatic connection between the MR Pfaffian state and the exact Coulomb ground state. In particular, the anti-Pfaffian state has exactly the same "adiabatic connection" with the exact Coulomb ground state in its own particle/flux number sector. The main question is which state is adiabatically connected with the true Coulomb ground state in the thermodynamic limit, where the mixing between the two states is allowed. Again, this question is related with the attainability of spontaneous PH-symmetry breaking, which is uncertain at least at the pure Coulomb or some modified interaction according to the result mentioned in the preceding paragraph. Gathering all pieces of evidence so far, we arrive at the following conclusion: (i) the FQHE gap at ν = 5/2 is induced via pairing of composite fermions, but (ii) it is unclear that the 5/2 state occurring at the Coulomb interaction is well described by the MR Pfaffian or anti-Pfaffian state. In this work, we would like to improve upon the latter part of the conclusion. Specifically, we propose an alternative possibility that the MR Pfaffian and anti-Pfaffian states are mixed together to generate a new paired QH state with anisotropic pairing. This proposal is in part based on a theoretical idea that mixing the MR Pfaffian and anti-Pfaffian states, which have p x ± ip ywave paring, can restore the PH symmetry in exchange of the broken rotational symmetry, which results in an anisotropic paired QH state with p x or p y -wave pairing. This idea is also motivated by the previously mentioned numerical observation [35, 36] that the Coulomb point is almost right on top of the phase boundary between the isotropic incompressible state, which is well described by the MR Pfaffian/anti-Pfaffian states, and the anisotropic compressible state, which is well described by the stripe state. This suggests that a certain state with both anisotropic and pairing nature could be relevant at the Coulomb interaction.
More important, our proposal is motivated by a tantalizing experimental observation by Liu et al. [39] ; while the ν = 5/2 state exhibits a strong resistance anisotropy under an in-plane magnetic field, the resistances in both directions follow exactly the same Arrhenius-type temperature dependence with a single energy gap. The very fact that the application of an inplane magnetic field can induce a strong resistance anisotropy in the ν = 5/2 state has been well known for a number of years [40] [41] [42] . While the initial goal of the in-plane magnetic field experiment was to investigate the spin polarization of the 5/2 state [43] , it had been realized that, in combination of finite sample thickness, the in-plane magnetic field played a much more complicated role than just increasing the Zeeman splitting energy [44, 45] . In general, the in-plane magnetic field was believed to weaken the 5/2 FQHE state by generating various anisotropic effects, which eventually induce a transition to the anisotropic compressible states observed in the third or higher Landau levels [46] , which are believed to be the stripe states [47] [48] [49] [50] [51] . An important point in the experiment by Liu et al. is that, despite such a strong resistance anisotropy, the 5/2 FQHE state can maintain its integrity as a single incompressible state in sharp contrast to the compressible stripe state. Actually, the resistance anisotropy is already present even in the complete absence of an in-plane magnetic field, in which situation it is believed to be induced by an anisotropy in mobility. Considering that other FQHE states in the LLL do not exhibit such a sensitive resistance anisotropy depending on the mobility anisotropy, this suggests that the resistance anisotropy at ν = 5/2 may be an inherent property of the 5/2 state, which can be induced by any means breaking the rotational symmetry. Interestingly, there is a recent experiment showing that the in-plane magnetic field can even strengthen the ν = 5/2 FQHE in some samples [52] , corroborating the above suggestion.
In fact, a similar coexistence between the quantized Hall resistance and the resistance anisotropy had been observed at ν = 7/3 [53] , which was then interpreted as a signature for the nematic QH state [54] [55] [56] . While Liu et al. followed the same interpretation, we think that it may well be interpreted as a signature for the anisotropic paired QH state. In our interpretation, the single energy gap, or activation temperature determined from the Arrhenius-type temperature dependence is related with the anisotropic pairing gap in the similar fashion, in which the critical temperature of a cuprate high-temperature superconductor is related with its anisotropic d-wave pairing gap.
Eventually, the main goal of this work boils down to constructing a trial state in the half-filled SLL, which works better than the MR Pfaffian/anti-Pfaffian states at the Coulomb interaction. Based on the fact that the exact 5/2 state is paired at the Coulomb interaction, such a trial state would provide a better wave function for the paired QH state. As a next step, we then show that such a trial state is anisotropic, or sufficiently susceptible to anisotropic instability in a finite-size system.
Constructing a better trial state than the MR Pfaffian/antiPfaffian states is actually very difficult, which is after all one of the main reasons why the MR Pfaffian/anti-Pfaffian states have remained as the dominant candidates for the ν = 5/2 state for more than twenty years. To begin with, the MR Pfaffian/anti-Pfaffian states have the lowest energy among various known trial states, which include the CF sea states with fully polarized/unpolarized spins, the Haldane-Rezayi spin- 
1 , is mapped onto the antisymmetrized bilayer ground state at a corresponding interlayer distance, d. singlet paired state [57] , and so on [58] . An important clue to improve upon the MR Pfaffian state may be obtained in the interpretation that the MR Pfaffian state is the BCS paired wave function of composite fermions. Möller and Simon [59] took this interpretation seriously and proposed a trial wave function scheme for the BCS paired CF states by combining the concept of the BCS Hall states [18] with the explicit construction of the CF wave functions [60] . In this scheme, the BCS paired CF wave functions can be constructed such that it is adiabatically connected to the MR Pfaffian state via careful tuning of multiple variational parameters.
We take a different approach. Our approach is inspired by the intriguing identity [61] that the MR Pfaffian state is entirely equivalent to the antisymmetrized projection of the bilayer QH state known as the Halperin (331) state, which is valid at interlayer distance, d, roughly equal to the magnetic length, l B [62] . Motivated by this identity, we ask if the exact 5/2 state occurring at the Coulomb interaction can be mapped onto the antisymmetrized bilayer ground state at appropriately chosen d/l B . If so, one can generalize this idea and think of a general mapping between the exact 5/2 state at a given Haldane pseudopotential variation and the antisymmetrized bilayer ground state at a corresponding d/l B . We call this mapping the bilayer mapping. See Fig. 1 for a schematic diagram for the bilayer mapping. In essence, we ask if one can construct a trial wave function scheme based on the bilayer mapping with d/l B serving as a variational parameter, which works better than the MR Pfaffian/anti-Pfaffian states and the BCS paired CF states mentioned in the above.
One of the most appealing properties of our variational scheme is that it is built to recover the MR Pfaffian state at d/l B ≃ 1-2 without any detailed tuning processes and therefore guaranteed to capture the known pairing mechanism described by the MR Pfaffian state in this parameter regime. Meanwhile, at d/l B ≪ 1, the bilayer QH system reduces to the single-layer QH system with slightly broken SU(2) spin rotational symmetry, where the ground state is shown to be the CF sea state with mixed spin polarizations. It is shown in Sec. IV that the antisymmetrization operator projects such a CF sea state into the fully spin-polarized sector. As a consequence, our scheme gives rise to a natural variational scheme interpolating between the MR Pfaffian state occurring at d/l B ≃ 1-2 and the fully spin-polarized CF sea state occurring at d/l B ≪ 1. Surprisingly, our scheme reveals an unexpected result that the exact 5/2 state occurring at the Coulomb interaction is mapped onto the antisymmetrized bilayer ground state at d/l B ≫ 1, not at d/l B ≃ 1.5-2, where the MR Pfaffian state is relevant. It is shown in Sec. V that, at the Coulomb point, the square of overlap between the exact 5/2 state and the antisymmetrized bilayer ground state is maximal at d/l B ≫ 1. After PH symmetrization, the square of overlap is enhanced substantially to become above 90% in the N = 12 system, which is much larger than that (≃ 60%) between the exact 5/2 state and the PH-symmetry-restored MR Pfaffian state in the same finite-size system.
Microscopically, the bilayer ground state at d/l B ≫ 1 is given by the product state of two CF seas at quarter filling [63] , which is susceptible to anisotropic instability since it is not only compressible in each pseudospin sector, but also subject to additional energy degeneracies due to the negligible interlayer interaction. This leads us to conjecture that the antisymmetrized bilayer ground state at d/l B ≫ 1 might also be susceptible to anisotropic instability. To check this conjecture, in Sec. VI, we investigate the behavior of the antisymmetrized bilayer ground state at d/l B ≫ 1 as a function of aspect ratio of the unit cell in the torus geometry as well as physical anisotropy parameters such as the anisotropy ratio of the band mass and the dielectric tensor of the Coulomb interaction.
The rest of the paper is organized as follows. In Sec. II, we present the precise mathematical forms of the Hamiltonians for the half-filled SLL and the bilayer QH system. In Sec. III, we discuss various trial states for each Hamiltonian, which are valid in particular parameter regimes. In Sec. IV, we explain how to perform the antisymmetrization operation onto the exact bilayer ground state that is obtained via ED and represented in terms of the basis states in second quantization. To check the validity of our antisymmetrization process, we test if the antisymmetrized bilayer ground state can reproduce the known trial states in their respective regimes. In particu-lar, the antisymmetrized Halperin (331) state is shown to be precisely identical to the MR Pfaffian state, which is independently obtained as the exact ground state of the three-body interaction. In Sec. V, we show that there is an one-to-one mapping between the exact 5/2 state at a given Haldane pseudopotential variation and the antisymmetrized bilayer ground state at a corresponding d/l B , which we call the bilayer mapping. Through this bilayer mapping, it is shown that the exact 5/2 state occurring at the Coulomb interaction is intimately connected with the antisymmetrized bilayer ground state at d/l B ≫ 1, not the MR Pfaffian state. In Sec. VI, we provide evidence that the antisymmetrized bilayer ground state at d/l B ≫ 1 is susceptible to anisotropic instability. Finally, we conclude in Sec. VII by discussing how the antisymmetrization operation can in principle generate the gap in the antisymmetrized bilayer ground state at d/l B ≫ 1, which is otherwise compressible.
II. HAMILTONIAN
Let us begin by writing the Hamiltonian for the fully spinpolarized electrons confined in the Landau level with index n (nLL) as follows [64] :
where
Here, a and b are the linear lengths of the rectangular unit cell along the x and y directions, respectively, in terms of which the aspect ratio is defined to be r a = a/b. V q is the Fourier transform of the interaction potential between electrons, L n (x) is the Laguerre polynomial, and R i is the guiding center coordinates of the i-th electron. Note that V q /(e 2 /ǫl B ) = 2π/ql B for the pure Coulomb interaction. From now on, the magnetic length, l B , is set equal to unity throughout this paper, unless stated otherwise. In this work, we are interested in the situation where a given Landau level with index n is half filled. In this situation, the total flux, N Φ , in units of flux quantum is related with the total number of electrons, N , via N Φ = 2N . To avoid confusion, remember that we use the convention of calling the Landau level with index n the (n + 1)-th Landau level; in this convention, 0LL denotes the lowest, or first Landau level (LLL), 1LL denotes the second Landau level (SLL), and so on.
The above Hamiltonian can be alternatively expressed in terms of the Haldane pseudopotential parameter, V m , as follows:
m is the Coulomb energy cost of an electron pair confined in the nLL with relative angular momentum, m.
Mathematically, V (n)
m is defined as follows [64] :
The Haldane pseudopotential formalism is convenient since it provides a systematic scheme for tuning the interaction strength by varying V (n) m in the vicinity of the pure Coulomb values. Often, the most important parameter is the variation in the m = 1 component:
are the varied and the pure Coulomb value of the Haldane pseudopotential at m = 1, respectively. In this work, we are mainly interested in the second Landau level, i.e., 1LL so that the most important variational parameter is δV it is sufficient to vary δV
within the range from −0.3 to 0.3 for the purpose of this work.
The Hamiltonian for the bilayer QH system is defined by assigning different interaction potentials for the intralayer and interlayer interaction, which is written in position space as follows:
where d is the interlayer distance. In the momentum space, the interaction potentials are given by
in terms of which the Hamiltonian for the bilayer QH system, H BQH , is written in the 0LL as follows:
where V σiσj q = V intra (q) if σ i and σ j belong to the same layer index, or pseudospin, and V σiσj q = V inter (q) otherwise. We are interested in solving H BQH in the situation where the total filling factor is half; ν tot = ν ↑ +ν ↓ = 1/2 with both ν ↑ and ν ↓ being 1/4. We ignore the electron tunneling between different layers, which is present in actual bilayer QH systems.
It is important to note that, while it is possible to conduct a comprehensive study for various Landau levels, in this work, we only focus on the 0LL as far as the bilayer QH system is concerned, which means that L SLL, which is known to be paired, and the antisymmetrized bilayer ground state in the half-filled LLL. Put in another way, we would like to investigate if one can construct a good trial wave function scheme, based on the connection between the paired quantum Hall state and the antisymmetrized bilayer ground state. If so, the interlayer distance can serve as a variational parameter for the trial wave function.
In this work, we obtain both the exact ground state in the half-filled SLL and that of the bilayer QH system in the halffilled LLL by using ED in the torus geometry. To this end, it is necessary to rewrite the nLL Hamiltonian in Eq. (1) in terms of the torus basis states in second quantization:
where c j and c † j are the annihilation and creation operators acting on the j-th state, respectively. The matrix element, M (n) j1j2j3j4 , is given as follows [65] :
. Alternatively, the matrix element can be written in terms of the Haldane pseudopotential as follows:
where X j = 2πj/b for j = 1, 2, . . . , N Φ . In the above, the primed summation over momentum excludes the q = (0, 0) component, which is cancelled by the uniform positive background charge. The primed Kronecker delta is defined such that δ ′ m,n = 1 if m = n modulo N Φ , and 0 otherwise. Similarly, the bilayer QH Hamiltonian can be rewritten in second quantization by making appropriate changes for V q , which now depends on the layer indices as described in Eq. (7).
The torus geometry is nothing but the rectangular geometry with periodic boundary condition. We have chosen the torus geometry since it is completely free from the "flux shift" issue, which plagues the spherical geometry. In this geometry, all competing states belonging to the same filling factor can be compared on an equal footing. Another important advantage is that the effects of anisotropy can be investigated in a natural setting. In other words, the anisotropy in the band mass [66] as well as the dielectric tensor [67] can be naturally implemented in the Hamiltonian.
The exact ground state of H 1LL is obtained in the torus geometry by comparing all the lowest energy states obtained in each sector of total pseudomomentum,
, where m and n are integers between 0 and N − 1 [68] . It is shown later that, except for few sporadic parameter regimes, the ground state of H 1LL tends to occur in the same pseudomomentum sector, which is at K = (6, 6) in the case of the N = 12 system. To investigate the possible connection, we take the ground state of H BQH in the same K = (6, 6) sector.
Note that we perform ED almost exclusively in the N = 12 system. Under the constraint that we are only interested in even numbers of particles, which are necessary for pairing, the reason for focusing on the N = 12 system is as follows. First, the N = 8 system suffers from a severe finite-size artifact, which forces the ground state to form Wigner crystals with 4 electrons in each layer of the bilayer QH system [69] . Second, the N = 10 system is still somewhat too small to represent the paired QH state correctly, considering the fact that, at N = 10, there is no clear sign for the threefold quasidegeneracy in the ground state energy that is believed to be one of the most important topological characteristics of the paired QH state [36, 70, 71] . While the quasidegeneracy is only approximately observed, it is apparent that, at least, the N = 10 system is somewhat different from the rest of larger systems with N ≥ 12. Third, any finite-size systems with N ≥ 12 systems should be fine. However, only the N = 12 system is within the reach of our current computer hardware capacity. While the single-layer problem in the half-filled SLL does not create too much trouble, the bilayer problem in the half-filled LLL generates too large a Hilbert space to be diagonalized exactly. Specifically, the numbers of basis states are roughly given by ( NΦ C N/2 ) 2 /N Φ N and NΦ C N /N Φ N for the bilayer and single-layer systems, respectively. At N = 12, the number of basis states for the bilayer system is about 6.3 × 10 7 , while that for the single-layer system is just about 9.4 × 10 3 . By contrast, at N = 14, the number of basis states for the bilayer system is about 3.5 × 10 9 , which is out of reach, while that for the single-layer system is about 1.0 × 10 5 , which can be diagonalized without problem.
III. TRIAL STATES
As mentioned previously, one of the main motivations for this work is the exact equivalence [61] between the MR Pfaffian wave function [12] and the antisymmetrized Halperin (331) wave function [72] of the bilayer QH system, where the Halperin (331) state is valid at interlayer distance roughly equal to the magnetic length, say, d/l B ≃ 1-2 [62] .
Specifically, the MR Pfaffian wave function is written as follows:
with A being the antisymmetrization operator. Meanwhile, the Halperin (331) wave function is written as follows:
where the top and bottom layers are denoted by the pseudospin ↑ and ↓ indices, respectively. Here, i ∈↑ means that the i-th electron belongs to the top layer, or the pseudospin of the i-th electron is ↑. It is important to note that Ψ 331 in the above is only the space part of the total wave function, which contains both the space and pseudospin components. It is with help of the Cauchy identity [73] that the MR Pfaffian wave function is shown to be entirely equivalent to the antisymmetrized Halperin (331) wave function up to a constant normalization factor;
where it is emphasized that A antisymmetrizes only the spatial coordinates inside the Halperin (331) wave function. Both the MR Pfaffian and the Halperin (331) states are of course trial states, which, albeit very good in particular parameter regimes, are only approximations to the true ground states. A main question is how good these approximations are in the important parameter regimes. In particular, we are interested in the ground state in the half-filled SLL for the pure Coulomb interaction, or some slightly modified interactions nearby. While there are various experimentally important factors affecting the nature of the ground state such as Landau level mixing, finite thickness, and so on, we are first and foremost interested in what happens at the pure Coulomb interaction. Unfortunately, the MR Pfaffian state (or its PH conjugate, the anti-Pfaffian state) has a relatively low overlap with the true ground state at the pure Coulomb interaction. (The MR Pfaffian and anti-Pfaffian states have the identical overlap with the Coulomb ground state due to the PH symmetry.) The overlap can be enhanced by modifying the Coulomb interaction in some appropriate manners [22, 29, 35] . One of the most natural manners is via increasing the m = 1 Haldane pseudopotential in Eq. (4) up to δV
≃ 5-10%. For convenience, let us denote the exact ground state in the halffilled SLL as Ψ 5/2 [δV (1) 1 ], where it is explicitly shown that Ψ 5/2 is a function of δV (1) 1 . As mentioned previously, the Halperin (331) state is known to be a good trial state for the bilayer QH system at d/l B ≃ 1-2 [62, 63] . In fact, the bilayer QH system exhibits a series of quantum phase transitions as a function of interlayer distance [63, 73] . Specifically, at d/l B ≪ 1, the ground state is well approximated by the pseudospin-unpolarized CF sea state at half filling, Ψ2 CFS|S=0 , where 2 CFS stands for the Fermi sea state of composite fermions capturing two vortices and S = 0 means that the total pseudospin is zero. It is interesting to note that, in the absence of (pseudospin) Zeeman coupling, the CF sea is completely unpolarized despite the naïve expectation from the Hund's rule [74] . For the later use, let us denote the fully pseudospin-polarized CF sea state at half filling as Ψ2 CFS|S max in comparison with Ψ2 CFS|S=0 . Meanwhile, at d/l B ≫ 1, the ground state is well approximated by the product state of two CF seas at quarter filling, To summarize, the ground state of the bilayer QH system undergoes a sequence of two quantum phase transitions, which can be roughly understood in terms of the phase transitions from Ψ2 CFS|S=0 , to Ψ 331 , and to Ψ4 CFS ↑ ⊗ Ψ4 CFS ↓ as an increasing function of d/l B [63] . Specifically, denoting the true ground state of the bilayer QH system as Ψ BQH [d] , this means that
As mentioned in Eq. (13), the MR Pfaffian state, Ψ MR , is entirely equivalent to the antisymmetrized Halperin (331) state, AΨ 331 . However, neither Ψ MR nor Ψ 331 are exactly identical to the true ground state in the SLL or that of the bilayer QH system, respectively. Therefore, it is interesting to ask how the exact ground state of the SLL system,
, is actually related with the antisymmetrized exact ground state of the bilayer QH system, AΨ BQH [d] . Formally, we are interested in the square of overlap between the two states defined as follows:
which can be computed as a function of δV and d. Physically speaking, we ask if the ground state in the SLL can be in general mapped onto the antisymmetrized ground state of the bilayer QH system. If so, such a bilayer mapping can reveal the underlying bipartite structure, which is instrumental to pairing.
In a more practical view, based on the fact that AΨ BQH [d] interpolates between the unpaired CF sea state at d/l B ≪ 1 and the paired MR Pfaffian state at d/l B ≃ 1-2, d/l B can be regarded as a good variational parameter that can tune the "strength" of pairing. As mentioned in Sec. I, Möller and Simon [59] have previously proposed a trial wave function scheme for the BCS paired CF states, which can be adiabatically connected to the MR Pfaffian state via careful tuning of multiple variational parameters. One obvious advantage of our work is that we have only a single variational parameter, d/l B , which provides a natural interpolation scheme without any detailed tuning processes.
In addition to providing a natural interpolation between the CF sea and the MR Pfaffian state, our scheme presents a very intriguing question that was not considered before; what is the nature of the antisymmetrized bilayer ground state at d/l B ≫ 1? It is shown in the following sections that this question is actually very important since, at the pure Coulomb interaction, i.e., δV
IV. ANTISYMMETRIZED BILAYER GROUND STATE

A. Antisymmetrization in second quantization
Before discussing the results obtained from the antisymmetrized bilayer ground state, we first explain how to apply the antisymmetrization operator, A, onto the exact bilayer ground state, Ψ BQH [d] that is obtained via ED in second quantization. While rarely performed in practice, applying the antisymmetrization operator to a given bilayer wave function is straightforward in concept, at least, when the mathematical form of the bilayer wave function is given analytically. That is to say, the antisymmetrization operator swaps the spatial coordinates of pseudospin-up electrons with those of pseudospin-down electrons in all possible permutations, attach appropriate signs depending on the parity of the permutation, and finally add all thus-generated wave functions. The situation becomes complicated when the analytic form of the bilayer wave function is not known, which is particularly the case for the ground state obtained via ED in second quantization. Applying the antisymmetrization operator to the exact bilayer ground state has not been performed before to the best of our knowledge.
When obtained via ED, the ground state wave function is represented by a set of numbers, which are the amplitudes of corresponding basis states. Each basis state is in turn represented by a sequence of "single-site quantum states" at individual Landau-gauge orbitals, which themselves are enumerated by their momentum indices. There are four possible "single-site quantum states" at a given Landau-gauge orbital, which are the empty, pseudospin-up, pseudospin-down, and doubly occupied states. For convenience, let us denote them by |0 , |↑ , |↓ , and |2 , respectively. Now, let us think about what operation the antisymmetrization operator performs on the basis states. The most important operation is to remove all doubly occupied states. In other words, any states containing the doubly occupied states, for example, |· · · ↑ 0 ↓ ↑ 2 ↓ · · · , are to be annihilated upon the application of the antisymmetrization operator. Next, since the pseudospin index is no longer meaningful after antisymmetrization, both |↑ and |↓ are mapped onto the singly occupied state, |1 [75] . Consequently, |0 and |1 consist of the entire Hilbert space at each orbital after antisymmetrization. Finally, the amplitudes of the surviving basis states are rescaled so that the total wave function is normalized, which finally gives rise to AΨ BQH [d] .
Another way of looking at the antisymmetrization operator is that it is the projection operator that projects a given state onto the fully pseudospin-polarized sector with pseudospin aligned, say, along the x direction. In this view, |↑ and |↓ can be understood as
(|→ + |← ) and
(|→ − |← ), respectively, where |→ and |← denote the eigenstates of the pseudospin along the x direction with positive and negative eigenvalue, respectively. Keeping only the |→ component, the antisymmetrization operator simply projects both |↑ and |↓ onto |→ , which can be alternatively denoted as |1 as done so in the above. The doubly occupied state is naturally annihilated by the antisymmetrization operator due to the Pauli exclusion principle.
In what follows, we check the validity of the antisymmetrization procedure described in the above by making comparison between AΨ 331 with Ψ MR , which should be exactly identical. Then, we compute the overlap between AΨ BQH [d] and three antisymmetrized trial states of the bilayer QH system, which are given by Ψ2 CFS|S max , Ψ MR , and AΨ4 CFS ↑ ⊗ Ψ4 CFS↓ .
B. Comparison with trial states
The Halperin (331) state can be obtained exactly by constructing the model Hamiltonian with an appropriately chosen set of the Haldane pseudopotentials. Specifically, the Halperin (331) state can be obtained as the exact zero-energy ground state of the following Hamiltonian [62, 64, 76] :
where V σi,σj m = δ m,1 for the interaction between electrons with the same pseudospin, and δ m,0 for the interaction between electrons with different pseudospins. There are eight degenerate zero-energy copies of the Halperin (331) state in the torus geometry, which occur at pseudomomentum K = (0, 0), (N/2, 0), (0, N/2), (N/2, N/2), and those due to the center-of-mass degeneracy [77] .
Meanwhile, the MR Pfaffian state can be obtained as the exact zero-energy ground state of the following three-body interaction Hamiltonian [13, 14] :
where S ijk is the symmetrization operator among the (i, j, k) indices. There are six degenerate zero-energy copies of the MR Pfaffian state in the torus geometry, which occur at pseudomomentum K = (N/2, 0), (0, N/2), (N/2, N/2), and those due to the center-of-mass degeneracy [14] .
To confirm the validity of the antisymmetrization procedure discussed in the preceding section, we have performed ED of H 331 and H MR in various finite-size systems, which has shown that the antisymmetrized ground state of H 331 is indeed exactly identical to the ground state of H MR within numerical accuracy. Now, we investigate how the antisymmetrized exact ground state of the bilayer QH system, AΨ BQH [d], obtained via ED is related with the following three trial states; Ψ2 CFS|S max , Ψ MR , and AΨ4 CFS ↑ ⊗ Ψ4 CFS ↓ . These three trial states are obtained from the following conjecture:
which is related with Eq. (14) , where the bilayer ground state (before antisymmetrization) is approximated by the three trial states of Ψ2 CFS|S=0 , Ψ 331 , and Ψ4 CFS↑ ⊗ Ψ4 CFS↓ as an increasing function of d/l B .
Let us examine the physical meaning of Eq. (18) for a moment. First, it is easy to understand the second line since Ψ BQH [d ≃ 1-2] ≃ Ψ 331 and Ψ MR = AΨ 331 . The third line is simple in the sense that, at d/l B ≫ 1, each layer of the bilayer QH system becomes completely independent, in which situation the pseudospin-up and down composite fermions form the Fermi sea states of their own at quarter filling. We obtain AΨ4 CFS↑ ⊗ Ψ4 CFS↓ by antisymmetrizing the ground state of the bilayer QH system at sufficiently large interlayer distance, which is known to be well described by Ψ4 CFS ↑ ⊗ Ψ4 CFS ↓ [63] .
One of the most interesting predictions in Eq. (18) is the first line where the trial state is given by the fully pseudospinpolarized CF sea state, not the unpolarized counterpart. The reason is as follows. At d = 0, the bilayer QH problem simply reduces to the single-layer problem with real spin degree of freedom without Zeeman coupling. In this situation, the ground state is known to be the CF sea state with the unpolarized spin configuration [74] . Now, at d/l B ≪ 1, but not exactly equal to 0, the spin rotational symmetry is slightly broken so that ground state can, in general, have nonzero components in various total spin sectors. Meanwhile, since the interaction between electrons is only slightly modified, the overall structure of the ground state is predicted to still remain as the CF sea state. Combining these two observations, one can conjecture that, at d/l B ≪ 1,
where λ S is the relative weight in the sector of total spin S. Based on the previously-mentioned fact that the single-layer ground state is the CF sea state with the unpolarized spin configuration, λ S is presumed to be peaked around S = 0 as d/l B decreases. Now, considering the fact that the antisymmetrization operator projects a given bilayer state onto the fully pseudospin-polarized sector, we arrive at the prediction that the antisymmetrized bilayer ground state should be well described by Ψ2 CFS|S max at d/l B ≪ 1. It is shown below that this prediction is actually correct. 
FIG. 2. Square of overlap, |O|
2 , between the antisymmetrized ground state of the bilayer QH system, AΨBQH [d] , and three trial states, Ψ trial ; (i) the fully pseudospin-polarized CF sea state at half filling, Ψ2 CFS| Smax , (ii) the MR Pfaffian state, ΨMR, and (iii) the antisymmetrized product state of two CF seas at quarter filling with pseudospin up and down, AΨ4 CFS ↑ ⊗ Ψ4 CFS ↓ . Here, ΨBQH[d] is obtained via ED of the bilayer QH system in the torus geometry with the total number of electrons N = 12 and the number of pseudospin up and down electrons N ↑ = N ↓ = 6. The aspect ratio of the rectangular unit call is set as ra = 0.98. All calculations are performed at pseudomomentum K = (6, 6). Note that Ψ4 CFS ↑ ⊗ Ψ4 CFS ↓ is obtained as the exact ground state of the bilayer QH system at sufficiently large interlayer distance, say, d/lB = 10.
1 and decreases monotonically as d/l B increases. To test the conjecture described in Eq. (19), we have computed the socalled survival ratio, R s , which is defined as follows:
where R y (π/2) is the pseudospin rotation operator with respect to the y axis by π/2 and P Sz=0 is the projection operator onto the S z = 0 sector, where the number of pseudospin-up electrons is the same as that of pseudospin-down electrons. Note that R y (π/2) is necessary since AΨ BQH [d] is in the fully pseudospin-polarized sector, whose pseudospin direction is not specified. Assuming that the original pseudospin direction of AΨ BQH [d] is along the z direction, i.e., all electrons are in the same layer, we have to rotate its total pseudospin with respect to the y direction by π/2 to construct the fully pseudospin-polarized state along the x direction, which, on average, has the equal number of pseudospin-up and down electrons. Then, we further project the rotated state onto the S z = 0 sector, where the number of pseudospin-up electrons is fixed to be precisely the same as that of pseudospin-down electrons. [35] . Based on ED, it is concluded by the authors that the system at the half-filled second Landau level may always be paired and smoothly crosses over from a weakly paired regime described by the CF sea state to a strongly paired regime by the MR Pfaffian state. This conclusion is consistent with our finding that the CF sea state, i.e., AΨ BQH [d/l B ≪ 1], has a sizable overlap with the MR Pfaffian state.
The possible existence of pairing correlation at large d/l B has not been studied before to the best of our knowledge. At first, this possibility seems rather unlikely since the product state of two CF seas at quarter filling, Ψ4 CFS↑ ⊗ Ψ4 CFS↓ , before antisymmetrization does not have any resemblance to an incompressible state, let alone a paired state. A surprise occurs after antisymmetrization, as shown via the overlap between the bilayer ground and trial states before and after antisymmetrization. Specifically,
A possible conclusion so far from Fig. 2 is that the antisymmetrized bilayer ground state makes a transition or smooth crossover from a weakly paired state described by the CF sea state at half filling, Ψ2 CFS|S max to a strongly paired state by the MR state, Ψ MR , which is consistent with the previous result by Rezayi and Haldane [35] . At large d/l B , the antisymmetrized bilayer ground state reduces to the antisymmetrized product state of two CF seas at quarter filling, AΨ4 CFS ↑ ⊗ Ψ4 CFS ↓ , which might also contain substantial pairing correlation. We believe that AΨ4 CFS↑ ⊗ Ψ4 CFS↓ can be as strongly paired as, if not more so than, Ψ MR in the sense that the "pairing strength" is related with the discrepancy between the intralayer and interlayer interaction between electrons in the bilayer QH system. Note that, the larger d/l B gets, the stronger the discrepancy becomes. In other words, the interaction between electrons (or quasiparticles) in different layers becomes less repulsive than that within the same layer. Relatively speaking, electrons could be regarded as being paired between different layers. If so, the pairing strength becomes stronger, as d/l B increases.
In the following section, we provide more conclusive evidence supporting the above conclusion by computing the overlap between the antisymmetrized bilayer ground state, AΨ BQH [d] , and the exact ground state in the half-filled SLL, Ψ 5/2 [δV 1 ), which generates high overlaps. We call the one-to-one relationship along this trajectory the bilayer mapping.
V. BILAYER MAPPING
In this section, we show that the exact 5/2 state, Ψ 5/2 [δV Figure 3 shows the square of overlap both before [(a)-(d)] and after [(e)-(h)] PH symmetrization. It is shown in Fig. 3 that, regardless of PH symmetrization, the overall pattern of the overlap is similar, while its quantitative value is enhanced substantially after its application.
One of the most prominent features in Fig. 3 is that there is a clear trajectory (colored in yellow) in the parameter phase space, along which the square of overlap is high and close to unity, being especially so after PH symmetrization. Overall, the high-overlap trajectory connects the CF sea state occurring at δV To be specific, let us elaborate on the behavior of the square of overlap at unity aspect ratio, i.e., r a = 1 in Fig. 3 (a) and (e). First, at d/l B → 0, the square of overlap becomes over 99% at δV ≃ 0.07 before PH symmetrization. After PH symmetrization, the square of overlap is enhanced substan- except for few sporadic windows regardless of ra. Even when it does not, the global ground state tends to occur at one of the three quasidegenerate sectors among K = (6, 6), (6, 0) , and (0, 6). The quasidegeneracy is most pronounced in the regime of 0 δV ≃ 0 before PH symmetrization. After PH symmetrization, the maximum value is again enhanced substantially to become more than 90%.
Our results at r a = 1 are fully consistent with the previous results obtained by Rezayi and Haldane for the N = 10 system [35] . To see this, first, note that the MR Pfaffian state and the CF sea state are obtained along the paths following d/l B ≃ 2 (denoted via white dashed lines in the figure) and d/l B ≃ 0, respectively. Along the path of d/l B ≃ 2, where the MR Pfaffian state is valid, the overlap is high within the window of 0 < δV
0.1, which is consistent with the previous result. In particular, the square of overlap becomes close to unity after PH symmetrization. Similarly, along the path of d/l B ≃ 0, where the CF sea state is valid, the overlap approaches unity in the limit of δV
is again consistent. Incidentally, by using the same computer code used for the N = 12 system, we have performed ED of the N = 10 system, which reproduces exactly the same results as those obtained by Rezayi and Haldane [35] .
One of the most important discoveries in this work is that the exact 5/2 state at the Coulomb point, δV
(1) 1 = 0, has the maximal overlap with the antisymmetrized bilayer ground state at d/l B ≫ 1, not at d/l B ≃ 1-2, where the antisymmetrized bilayer ground state is given by the MR Pfaffian state. While it is consistent with our expectation in Sec. III that the antisymmetrized bilayer ground state at d/l B ≫ 1 may have substantial pairing correlation, this result is quite surprising since naïvely the paired QH state is expected to be connected with an incompressible state in the bilayer QH system. Since there is only one candidate for the incompressible state in the bilayer QH system, which is the Halperin (331) state, a natural expectation is that the exact 5/2 state is connected with the antisymmetrized bilayer ground state at d/l B ≃ 1-2. This expectation is in fact correct in the regime = 0 is globally the third lowest energy state at ra = 0.98 and the second lowest energy state at ra = 0.80. Note that the global ground state occurs at K = (6, 6). See Fig. 6 for the exact 5/2 energy spectra at δV Interestingly, while maintaining high overlap with the exact 5/2 state at the Coulomb point, the antisymmetrized bilayer ground state at d/l B ≫ 1 gets separated from the regime of the MR Pfaffian state under moderate anisotropy, which is implemented via non-unity aspect ratio, say, r a ≃ 0.8-0.9. See  Fig. 3 (c) and (g) , where r a = 0.8. It is important to note that the non-unity aspect ratio mimics physical anisotropy in finite-size systems, as explained in detail in Sec. VI. The above separation suggests that the antisymmetrized bilayer ground state at d/l B ≫ 1 may belong to a different universality class of phase from the MR Pfaffian state, which is induced via anisotropic instability. It is worth mentioning that the MR Pfaffian state itself can be generalized to an anisotropic version via continuous deformation of the z i − z j factor [78] , which leaves such an anisotropic version in the same universality class as the MR Pfaffian state.
It turns out that the separation between the MR Pfaffian state and the antisymmetrized bilayer ground state at d/l B ≫ 1 manifests itself more dramatically at an excited or quasidegenerate pseudomomentum sector, say, K = (0, 6). As mentioned previously, there is a threefold quasidegeneracy among K = (6, 6), (6, 0), and (0, 6) . Around the Coulomb point, the ground state at K = (0, 6) is globally the third lowest energy state at r a = 0.98 and the second lowest energy state at r a = 0.8. Figure 4 shows the square of overlap between Ψ 5/2 [δV (1) 1 ] and AΨ BQH [d] at K = (0, 6), which displays that there is a clear first-order-like phase transition between the exact 5/2 states occurring at small and large δV
1 . While the exact phase boundary depends on r a , this clear phase transition reveals that the antisymmetrized bilayer ground state at d/l B ≫ 1 is completely separated from the MR Pfaffian state since they are adiabatically connected to the exact 5/2 state occurring at small and large δV Switching back to Fig. 3 , we note that the high-overlap trajectory does not go into the regime of negative δV
1 , where the antisymmetrized bilayer ground state is completely disconnected from the exact ground state in the half-filled SLL. Intriguingly, this regime is exactly where the exact ground state in the half-filled SLL is predicted to be the stripe state [35, 36] . In other words, the bilayer mapping does not exist for the stripe state. This means that, occurring at the pure Coulomb point, the the antisymmetrized bilayer ground state at d/l B ≫ 1 is neither the isotropic paired state such as the MR Pfaffian state nor the anisotropic compressible state such as the stripe state. Incidentally, in contrast to the N = 10 system [35] , the transition between the stripe and the paired regimes appears to be smooth in the N = 12 system. Now, let us examine more closely how the square of overlap behaves as a function of aspect ratio, r a . Varying r a from unity to other values breaks the discrete rotation symmetry of the unit cell from C 4 to C 2 [23, 67, 79, 80] , which can be used to investigate the possibility of spontaneous symmetry breaking in finite-size system studies [50, 51] . Normally, in the study of the FQHE states, r a is varied to test if the energy spectrum is robust. If so, it would suggest that the ground state is incompressible. By contrast, the energy spectrum for the compressible states such as the CF sea and the stripe state would exhibit substantial changes as a function of r a . In the context of the half-filled SLL, varying r a can tune energy splitting of the threefold quasidegenerate ground states [36, 71] . Figure 3 shows that the overall pattern of the square of overlap does not change much as a function of r a unless r a gets too small, for example, r a = 0.5. Upon closer examination, however, one may notice that there is a very intriguing difference in the overlap behavior as a function of r a between small and large d/l B . For concreteness, see for various r a . Note that, here, the square of overlap is taken between the exact ground state in the half-filled SLL and the PH-symmetry-restored antisymmetrized bilayer ground state. At d/l B = 2, where the MR Pfaffian state is relevant, the square of overlap shows very little difference regardless of r a with maximum occurring at δV even by less than 1%. Specifically, the square of overlap drops from over 90% to about 60% by varying r a from 1.0 to 0.99 at the pure Coulomb point. Interestingly, the square of overlap bounces back upon further reducing r a and even exceeds its value at r a = 1 by the time when r a reaches 0.8. Eventually, for sufficiently small r a , say, r a = 0.5, it decreases again and becomes far below its value at r a = 1.
Such an abrupt drop of the overlap in the vicinity of r a = 1 and a subsequent restoration at lower r a are quite unexpected and puzzling. On one hand, the abrupt drop of the overlap indicates that either the exact ground state in the half-filled SLL or the antisymmetrized bilayer ground state undergoes an abrupt change, while the other does not. The bilayer ground state at large d/l B before antisymmetrization is the product state of two CF seas at quarter filling, which is susceptible to anisotropic instability since it is not only compressible in each pseudospin sector, but also subject to additional energy degeneracies due to the negligible interlayer interaction. This leads us to expect that the antisymmetrized bilayer ground state might also be susceptible to anisotropic instability. In this situation, if the exact ground state in the half-filled SLL changes smoothly in the vicinity of unity r a , the overlap can drop abruptly. Therefore, the abrupt drop of the overlap can be regarded as a sign of spontaneous symmetry breaking in the antisymmetrized bilayer ground state at large d/l B with respect to the rotational symmetry.
On the other hand, the subsequent restoration of the overlap at smaller r a suggests that the connection between the two states remains intimate and even gets strengthened at a reasonable degree of higher anisotropy. Note that the dropped value of the overlap at r a = 0.99 is actually comparable to that of the MR Pfaffian state at the pure Coulomb point. A puzzle is why its behavior is not as abrupt as that of the antisymmetrized bilayer ground state at large d/l B .
One way of resolving this puzzle is to first accept that the exact 5/2 state at the Coulomb point, Ψ 5/2 [δV
= 0], is fundamentally the same phase as the antisymmetrized bilayer ground state at large d/l B , i.e., AΨ4 CFS ↑ ⊗ Ψ4 CFS ↓ , which is apparently susceptible to anisotropic instability. Strictly speaking, however, there should be no spontaneous symmetry breaking in finite-size systems. Therefore, it is not surprising that Ψ 5/2 [δV = 0] or any other ground states in finite-size systems change smoothly in the presence of small symmetry breaking terms, which include non-unity r a . In this sense, actually, more peculiar is the abrupt change of the antisymmetrized bilayer ground state at large d/l B . This peculiar property is due to the presence of almost perfect degeneracy within the same pseudomomentum sector, which in turn originates from the negligible interlayer interaction at sufficiently large d/l B , say, d/l B 4. We believe that the N = 12 system is sufficiently large for AΨ4 CFS↑ ⊗ Ψ4 CFS↓ to exhibit a crossover behavior faithfully approximating the thermodynamic limit. Unfortunately, the situation is different for the exact 5/2 state, for which the N = 12 system might be below the critical system size.
At this point, one may wonder if the energy gap remains stable as r a deviates from unity. To check this, we have computed the exact energy spectra of the N = 12 system in the half-filled SLL at the pure Coulomb interaction, which are shown in Fig. 6 for three difference values of r a = (a) 0.98, (b) 0.8, and (c) 0.5. As one can see, the overall structure of energy spectra remains almost invariant up to r a = 0.8 with a clear separation between the ground states, which form a threefold quasidegenerate subspace, and the "continuum" of excited states. This structure is destroyed if r a becomes too small, as shown in Fig. 6 (c) . Remember that the overall pattern of the square of overlap is also changed substantially at this regime of small r a .
It is interesting to note that, at near-unity r a , there are additional quasidegenerate excited copies of the ground states, which are enclosed by a dashed ellipse in Fig. 6 (a) . A conventional interpretation of these additional quasidegenerate copies is that they are due to the mixing between the MR Pfaffian state and its PH conjugate, or the anti-Pfaffian state [20, 36, 70, 71] . As mentioned previously, there is an exact PH symmetry in the half-filled SLL for the Coulomb interaction, and therefore the MR Pfaffian and anti-Pfaffian states would be degenerate if there were no mixing between the two. Apparently, however, there is mixing, which splits the otherwise degenerate doublet into the symmetric and antisymmetric linear combination. In view of anisotropic instability discussed in the above, we have a different interpretation than this. Our interpretation is that the additional quasidegenerate copies could be due to the symmetric and antisymmetric linear combination between the rotational-symmetry broken states, not between the MR Pfaffian and anti-Pfaffian states. 1/2 in units of 1/lB. Note that there is a threefold quasidegeneracy among the ground states in K = (6, 6), (6, 0) , and (0, 6), which are enclosed by solid ellipses for guide to eye. There are additional quasidegenerate excited copies of the ground states at near-unity ra, which are enclosed by a dashed ellipse in (a).
It is worth mentioning that the threefold quasidegeneracy in the excited states is much more fragile than that in the ground states in the sense that it is highly dependent on the system size; it is not observed at all in the N = 14 system and partially observed in the N = 16 system [71] .
So far, we have proposed a conjecture that the abrupt drop of the overlap is induced by the spontaneous symmetry breaking of the antisymmetrized bilayer ground state at large d/l B in the presence of a small discrete rotational symmetry breaking term such as non-unity r a . In the following section, we prove that this conjecture is actually true. Specifically, we perform a systematic study on the behavior of the square of overlap as a function of aspect ratio as well as physical anisotropy parameters such as the anisotropy ratio of the band mass [66] and the dielectric tensor of the Coulomb interaction [67] .
VI. ANISOTROPIC INSTABILITY
While serving as a useful symmetry-breaking parameter for the discrete rotational symmetry in the torus geometry, the aspect ratio of the unit cell is not a physically meaningful parameter truly valid in the thermodynamic limit. Two of the most natural, physically meaningful parameters are the anisotropy ratio of the band mass [66] and that of the dielectric tensor of the Coulomb interaction [67] .
To see how the band mass and the dielectric tensor anisotropy are implemented in ED, let us begin by writing the Coulomb matrix element for the bilayer QH system, which is similar to Eq. (9):
where q = (q x , q y ) = (
is the pseudospin-dependent interaction potential between electrons in the Landau-gauge orbital j 1 and j 2 .
The band mass anisotropy is implemented via replacing
, where r m is the anisotropy ratio of band mass [66] . Meanwhile, the dielectric tensor anisotropy is implemented via replacing q inside V
1/2 , where r d is the anisotropy ratio of dielectric tensor [67] . For simplicity, we study anisotropy effects by varying r m and r d in the square unit cell with a = b. It is interesting to note that varying the aspect ratio is formally equivalent to replacing q in both e . Therefore, the Hamiltonian at aspect ratio, r a , can be mapped onto that of the anisotropic model with both the band mass and the dielectric tensor anisotropy ratio being equal to r a in the square unit cell.
While the rotational invariance is preserved in the thermodynamic limit when the two anisotropic effects are congruent [81, 82] , they are not necessarily compensated exactly in finite-size systems. As a consequence, if the ground state responds differently to each variation of r m and r d , changing the aspect ratio can give rise to results qualitatively similar to those obtained from the variation of r m and/or r d . This is the reason why the aspect ratio dependence of the overlap, which is studied in Sec. V, can provide an important clue to the effects of anisotropy. We think that this relation between the real anisotropy and the aspect ratio underlies the occurrence of similar solid phases in the large anisotropy [67] as well as the thin torus limit [83] [84] [85] [86] at ν = 1/3.
With this background, let us examine the square of "selfoverlap" between the PH-symmetry-restored antisymmetrized bilayer ground states with respect to the variation of aspect ratio, r a , the band mass anisotropy ratio, r m , and the dielectric tensor anisotropy ratio, r d , which are shown in Fig. 7 (a), (b) , and (c), respectively. Specifically, in Fig. 7 (a) , the square of overlap, |O| 2 , is taken between the PH-symmetry-restored antisymmetrized bilayer ground state in the square unit cell, 
Square of "self-overlap," |O| 2 , between the PHsymmetry-restored antisymmetrized bilayer ground states with respect to the variation of (a) the aspect ratio of the unit cell, ra, It is worth mentioning that a straight computation of the overlap between the ground states obtained at different r a /r m suffers from a conceptual issue that the basis states themselves are deformed as a function of r a /r m . Here, we ignore this issue by assuming that the two basis states are the same if they have the same sequence of orbital quantum numbers. Under this assumption, we can concentrate on the many-body response of the ground state on anisotropy, which is imbedded in the amplitudes of the basis states. 
Square of overlap, |O| 2 , between the PHsymmetry-restored antisymmetrized bilayer ground state at unity ra, SPH{AΨBQH[d; ra = 1]}, and its "rotational-symmetry-restored" version at general ra, One of the first things to notice is that there are very little differences among the dependencies of the overlap on all three anisotropy ratios. At d/l B = 2, the square of overlap changes smoothly. Meanwhile, at d/l B = 5, the square of overlap drops abruptly as soon as the anisotropy ratios deviate from unity. This result is consistent with our conjecture that the antisymmetrized bilayer ground state at large d/l B is susceptible to anisotropy instability, which manifests itself as a sudden change of the wave function in the presence of small symmetry breaking terms.
To verify more explicitly that the abrupt drop of the overlap near r a = 1 is indeed a consequence of spontaneous (discrete) rotational symmetry breaking, we construct the following trial wave function:
where 1/N is the normalization constant. The phase of each component is fixed by using the following convention: . While we do not know the origin of this phase transition, the main point is that the ground state undergoes an abrupt collapse of the wave function near r a = 1, which is consistent with spontaneous breaking of the discrete rotational symmetry.
VII. CONCLUSION
In this work, it is shown that the exact 5/2 state at a given Haldane pseudopotential variation, δV (1) 1 , is intimately connected with the antisymmetrized bilayer ground state at a corresponding interlayer distance, d, via one-to-one mapping, which we call the bilayer mapping. One of the most important discoveries in this work is that the bilayer mapping connects the exact 5/2 state occurring at the Coulomb interaction with the antisymmetrized bilayer ground state at d/l B ≫ 1, not at d/l B ≃ 1-2, where the MR Pfaffian state is relevant.
Microscopically, the antisymmetrized bilayer ground state at d/l B ≫ 1 is described by the antisymmetrized product state of two CF seas at quarter filling with pseudospin up and down, AΨ4 CFS ↑ ⊗ Ψ4 CFS ↓ . Since the product state of two CF seas at quarter filling is not only compressible in each pseudospin sector, but also subject to additional energy degeneracies due to the negligible interlayer interaction, it is natural to expect that its antisymmetrized version might be susceptible to anisotropic instability. In accordance with this expectation, the antisymmetrized bilayer ground state at d/l B ≫ 1 exhibits an abrupt collapse of the wave function from the isotropic to the anisotropic state, as soon as the aspect ratio, r a , deviates from unity. Considering with the fact that (i) the exact 5/2 state is gapped at the Coulomb interaction and (ii) the the antisymmetrized bilayer ground state at d/l B ≫ 1 is susceptible to anisotropic instability, we conclude that the exact 5/2 state might be better described by the anisotropic paired QH state with p x or p y -wave symmetry than by the MR Pfaffian/antiPfaffian states with p x ± ip y -wave symmetry.
A remaining question is how the antisymmetrization operation can make the product state of two CF seas at quarter filling gapped. While a precise understanding is not yet obtained, we would like to suggest a plausible explanation. As mentioned in Sec. IV, the "pairing strength" is related with the discrepancy between the intralayer and interlayer interaction between electrons, in which sense pairing is the strongest at d/l B ≫ 1. While this may sound strange at first, remember that pairing is formed not between electrons, but between composite fermions carrying even numbers of vortices, which is nothing but quantized correlation holes. Since there is no repulsive correlation between different layers at d/l B ≫ 1, composite fermions do not carry any correlation holes with respect to electrons in the opposite layer. In this sense, composite fermions can be thought as having a relative "attractive" interaction between different layers. A problem is that the simple product state of two CF seas at quarter filling is gapless since composite fermions are not actually paired up to form a Cooper pair. In other words, composite fermions could form a Cooper pair with any one of them, but did not yet choose the partner. We conjecture that antisymmetrization plays a role of forcing them to choose the partner. Finally, it is interesting to note that there is a functional similarity between the antisymmetrization operation and the Gutzwiller projection, both of which remove doubly occupied configurations from a given state. In this context, it is worthwhile to mention that the Gutzwiller-projected product state of two Fermi seas with spin up and down had been studied in the context of the one-dimensional S = 1/2 Heisenberg model. Actually, the nearest-neighbor one-dimensional S = 1/2 Heisenberg model is exactly solved with the ground state given by the Bethe ansatz solution. Interestingly, the exact Bethe ansatz solution is very well approximated by the Gutzwiller-projected product state of two Fermi seas with spin up and down, which, in addition to the closeness in energy, shows a power-law spin-spin correlation function similar to the exact result. Furthermore, Haldane [87] and Shastry [88] showed that the Gutzwiller-projected product state of two Fermi seas was the exact ground state of the one-dimensional S = 1/2 Heisenberg model with 1/r 2 exchange coupling, which can be also identified as Anderson's resonating valence bond (RVB) state [89] . It is inspiring to think that there is an underlying connection between the paired QH state and the RVB state.
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Appendix A: Particle-hole symmetrization
The particle-hole (PH) symmetrization is implemented in the torus geometry by adding or subtracting each basis state with its PH transformed state, which is obtained via the combination of two operations with one being a straight PH transformation and the other being an antiunitary reflection [35] . The straight PH transformation is performed via PH reversal of the occupation numbers, followed by rotation by 180
• and complex conjugation of the amplitudes. As pointed by Rezayi and Haldane [35] , a problem is that the straight PH transformation alone is an antiunitary operation, which does not support symmetry-related eigenstates. To make the symmetry unitary, it is necessary to combine the straight PH transformation with an antiunitary reflection, which is in turn composed of reflection and complex conjugation of the amplitudes.
It is important to note that, when applied alone, PH reversal of the occupation numbers changes the total momentum of each basis state. Basis states are usually denoted as binary sequences composed of 0 (empty state) and 1 (occupied state) for each orbital of the Landau gauge momentum, k, whose value ranges between 1 and N Φ in units of 2π/b. In this situation, the total momentum of a given basis state can be written as K tot = N i=1 k i , where k i denotes the Landau gauge momentum of the i-th occupied orbital. Then, the total momentum of the PH-reversed basis state is given by K PH tot = N Φ (N Φ + 1)/2 − K tot , which is not necessarily equal to K tot . To overcome this problem, one would like to devise a PH transformation that leaves the total momentum of each basis state invariant. Such a PH transformation can be obtained by combining PH reversal with rotation by 180
• , which is implemented by the following transformation: k i → N Φ + 1 − k i . That is to say, rotation by 180
• gives rise to K Finally, note that the role of the antiunitary reflection operation is twofold. The first role is to cancel the complex conjugation operation imposed as a part of the straight PH transformation. The second is to set restrictions on the allowed values for the total momentum. Specifically, the total momentum, K, itself should be invariant with respect to reflection so that it can return to itself after reflection. In the torus geometry, those values are K = (N/2, N/2), (N/2, 0), (0, N/2), and (0, 0). In this work, we focus on K = (N/2, N/2) since the ground state in the half-filled second Landau level almost always occurs in this momentum sector at N = 12 except for few sporadic parameter regimes.
